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GENUS FIELDS OF KUMMER ℓn–CYCLIC EXTENSIONS
CARLOS DANIEL REYES–MORALES AND GABRIEL VILLA–SALVADOR
ABSTRACT. We give a construction of the genus field for Kummer ℓn-cyclic ex-
tensions of rational congruence function fields, where ℓ is a prime number. First,
we compute the genus field of a field contained in a cyclotomic function field, and
then for the general case. This generalizes the result obtained by Peng for a Kum-
mer ℓ-cyclic extension. Finally, we study the extension (K1K2)ge/(K1)ge(K2)ge,
forK1,K2 abelian extensions of k.
1. INTRODUCTION
The origin of genus fields dates back to C. F. Gauss [8] in his work about binary
quadratic forms. For a finite field extension K of Q, the rational number field, the
genus field Kge is defined as the maximum unramified field extension of K such
that it is the composite Kk∗, where k∗ is an abelian field extension over Q. This
definition is due to A. Fro¨hlich [7]. We have K ⊆ Kge ⊆ KH , where KH denotes
the Hilbert class field overK . Originally the concept of genus fields was given for
quadratic field extensions of Q.
Using Dirichlet characters, H. W. Leopoldt [12] determined the narrow genus
field Kgex of a finite abelian field extension K over Q, i.e, Kgex is the maximum
abelian field extension of Q such that Kgex/K is unramified at any finite prime of
K . This generalizes the results of H. Hasse [9] who introduced genus theory for
quadratic extensions of number fields.
M. Ishida described the narrow genus field Kgex of any finite extension of Q
[11]. X. Zhang [20] gave a simple expression of Kge of any finite abelian extension
K of Q using Hilbert ramification theory.
For function fields, the notion of Hilbert class field as the maximum unrami-
fied abelian extension of a congruence function field K/Fq is not suitable since it
contains all the constant field extensions Km := KFqm for every natural number
m. Therefore the maximum unramified abelian extension ofK is of infinite degree
overK .
M. Rosen [17] gave a definition of an analogue of the Hilbert class field ofK for
a fixed finite nonempty set S of prime divisors of K . Given a finite nonempty set
S of places of a global function field K , the Hilbert class field (relative to S) KH,S
of K is defined as the maximum unramified abelian extension of K such that the
places in S are completely descomposed in KH,S . Using Rosen’s definition of
Hilbert class field, it is possible to give a proper concept of genus fields along the
lines of number fields.
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R. Clement [5] found a narrow genus field of a cyclic extension of k := Fq(T ) of
prime degree ℓ dividing q − 1. She found the genus field using class field theory
and defining the Hilbert class field following the ideas of H. Hasse [9]. Later, S. Bae
and J. K. Koo [2] were able to generalize the results of Clement with the methods
developed by Fro¨hlich [7].
G. Peng [16] explicitly described the genus theory for Kummer function fields
extensions of prime degree. Later S. Hu and Y. Li [10] described explicitly the
ambiguous ideal classes and the genus field of an Artin–Schreier extension of a ra-
tional congruence function field. In [4], it was studied the particular case of abelian
finite p-extensions and the explicit description of their genus field was given. That
article also studied finite abelian extensions of global rational functions fields, and
the term conductor of constantswas introduced for those extensions and it was com-
puted in terms of other invariants of the field.
In [13, 14] it was developed a theory of genus fields of congruence function
fields using Rosen’s definition of Hilbert class field. Similarly to the case of numer
fields, it was defined the genus field Kge of K , as the maximum extension of K
such thatK ⊆ Kge ⊆ KH,S withKge = Kk∗ and k∗/k an abelian extension. When
K/k is an abelian extension, Kge is the maximum unramified extension over K
such that the primes in S are fully decomposed in Kge/K . The methods used
there were based on Leopoldt’s ideas using Dirichlet characters and gave a general
description of Kge in terms of the Dirichlet characters associated to the field K .
The genus field Kge was obtained for an abelian extension K of k and S the set
of the infinite primes. The method was used to give Kge explicitly when K/k is
a cyclic extension of prime degree ℓ | q − 1 (Kummer) or cyclic of degree p where
p is the characteristic (Artin–Schreier) and also when K/k is a p–cyclic extension
(Witt). Then, the method was used in [3] to describe Kge explicitly when K/k is
an ℓn-cyclic extension, where ℓ is a prime number such that ℓn | q − 1, K/k is a
cyclotomic extension and under a strong restriction.
In this paper, we will use the results obtained in [13] to describe explicitly the
genus field of a cyclic extension of degree ℓn where ℓn | q − 1. In this way, we
complete what was developed in [3]. Herewe consider a cyclic Kummer extension
of degree ℓn, not necessarily cyclotomic andwithout any restrictions. In case n = 1
this is the result of Peng. Our method is based on Leopoldt’s ideas and therefore
they differ from the methods used by Peng which are based on the global function
fields analog to the exact hexagon of P. E. Conner and J. Hurrelbrink [6]. In [13]
the case n = 1 is described in a little bit different way from how it was originally
presented by Peng. Here we will show that using our methods it is possible to
give the same description as in the original article.
Finally, given two finite abelian extensionsKi/k, i = 1, 2, we have (K1)ge(K2)ge
⊆ (K1K2)ge but in general there is no equality. This fact is a big obstruction
to study the genus field of a finite abelian extension K/k since we cannot just
study the components say K = K1 . . .Ks. In Section 5 we study the extension
(K1K2)ge/(K1)ge(K2)ge. The main result is that the degree of this extension di-
vides (q − 1)2. It is worth to mention that the factor (q − 1)2 is due to two dif-
ferent facts. One factor comes from the cyclotomic case where in a composi-
tion of two fields such that P∞ ramifies in both components, in the composition
some ramification of P∞ shifts to descomposition since we have tame ramifica-
tion. The other factor comes from the various descomposition groups given in
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the main theorem of the structure of the genus field Kge = E
H
ge
K . As a conse-
quence we obtain that for extensions of degree relatively prime to q − 1, we have
(K1)ge(K2)ge = (K1K2)ge. This was used in [4]
2. NOTATION
The notation we will use throughout the paper is the following.
gcd denotes the greatest common divisor;
lcm denotes the least common multiple;
νℓ denotes the valuation respect to ℓ, a prime number;
k denotes the rational function field Fq(T );
RT denotes the polynomial ring Fq[T ];
R+T denotes the set of monic and irreducible polynomials in RT ;
K denotes a cyclic finite Kummer extension of k;
P∞ denotes the infinite prime in k;
S∞(K) denotes the set of primes in K over P∞;
e∞(E/F ) denotes the ramification index of P∞ in the field extension
E/F ;
f∞(E/F ) denotes the inertia degree of P∞ in the field extension E/F ;
ΛN denotes the N -torsion of the Carlitz’s module for N ∈ RT \ {0};
Kge denotes the genus field of K ;
Kgex denotes the extended or narrow genus field ofK ;
k(ΛN ) denotes the cyclotomic function field over k determined by N ;
k(ΛN )
+ denotes the maximum real subfield of k(ΛN );
Ln denotes the subfield of k(ΛT−n−1) fixed by F
∗
q ;
Km denotes the field KFqm ;
nK denotes the field KLn;
nKm denotes the field KFqmLn.
Let ℓ be a prime number such that ℓn | q − 1. Let D ∈ RT , D = Pα11 · · ·Pαrr with
P1, . . . , Pr ∈ R+T different polynomials, r ≥ 1, α1, . . . , αr ∈ N and 1 ≤ αj ≤ ℓn − 1,
1 ≤ j ≤ r. Let E := k( ℓn
√
(−1)degDD). We have E ⊆ k(ΛD)[18, Corolario 9.5.12].
We denote D∗ := (−1)degDD, that is k( ℓn
√
(−1)degDD) = k( ℓn
√
D∗). Note that if
ℓn | degD, then k = k( ℓn
√
(−1)degD) and thus k( ℓn√D∗) = k( ℓn√D).
Let αj = bjℓ
aj with gcd(bj , ℓ) = 1 and degPj = cjℓ
dj with gcd(cj , ℓ) = 1,
1 ≤ j ≤ r. For each 1 ≤ j ≤ r, we define Ej := k( ℓn
√
(P
αj
j )
∗). We have Ej ⊆
k(ΛPj ), 1 ≤ j ≤ r. Note that
ℓn
√
(−1)degP
αj
j Pαj = ℓ
n
√
(−1)bjℓaj degPjP bjℓ
aj
j =
ℓ
n−aj
√
(−1)degP
bj
j P
bj
j . Further
ℓ
n−aj
√
(−1)degP
bj
j P
bj
j = (
ℓ
n−aj
√
(−1)degPjPj)bj ∈
k( ℓ
n−aj
√
(−1)degPjPj). We have that P bjj is ℓ-power free and thus Pj is fully rami-
fied in k(
ℓ
n−aj
√
(−1)degP
bj
j P
bj
j )/k. Therefore
[k(
ℓ
n−aj
√
(−1)bj degPjP bjj ) : k] = deg (Xℓ
n−aj − (−1)bj degPjP bjj )
= deg (Xℓ
n−aj − (−1)degPjPj)
= [k( ℓ
n−aj
√
(−1)degPjPj) : k].
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It follows that Ej = k( ℓ
n−aj
√
P ∗j ).
Define M := E1 · · ·Er. We have that M/k is the maximum extension of E
unramified on every finite prime and contained in a cyclotomic function field [13,
Proposition 3.3]. In particular Ege ⊆ M . We have that P∞ is fully ramified in
M/Ege. The field M is known as the narrow genus field of E and it is denoted by
Egex. From Abhyankar’s Lemma [19, Theorem 12.4.4], we have
e∞(Egex/k) = lcm[e∞(Ej/k) | 1 ≤ j ≤ r] =: ℓm.
Since P∞ is unramified in the extension Ege/E, i.e, e∞(Ege/E) = 1, we have in
general
[Egex : Ege] = e∞(Egex/Ege)e∞(Ege/E) = e∞(Egex/E).
Let P ∈ RT and let F := k( ℓn
√
(Pα)∗) with α = bℓa, gcd(b, ℓ) = 1. We
denote by eP (F/k) the ramification index of the polynomial P in the extension
k( ℓ
n
√
(Pα)∗)/k. Let e∞(E/k) denote the ramification index of the infinite prime
P∞, in the extension k( ℓn
√
(Pα)∗)/k.
We have the following proposition.
Proposition 2.1. Let P ∈ RT and k( ℓn
√
(Pα)∗) = k( ℓ
n−a√
P ∗). Then
eP (k(
ℓn
√
(Pα)∗)/k) =
ℓn
gcd(α, ℓn)
= ℓn−a and
e∞(k(
ℓn
√
(Pα)∗)/k) =
ℓn
gcd(ℓn, degPα)
=
ℓn−a
gcd(ℓn−a, degP )
.
Proof. See [15, Subsection 5.2] or [18, Teorema 10.3.1]. 
Let degP = cℓd with gcd(c, ℓ) = 1. Then gcd(ℓn−a, degP ) = ℓmin{n−a,d}. From
Proposition 2.1 it follows that
e∞
(
k
(
ℓn−a
√
P ∗
)
/k
)
= ℓn−a−min{n−a,d}.
Thus
e∞(Ej/k) = ℓ
n−aj−min{n−aj ,dj} | ℓm = e∞(Egex/k), 1 ≤ j ≤ r.(1)
Let K/Fq be a finite abelian field extension of k, where P∞ is tamely ramified.
Let N ∈ RT and u ∈ N be such that Kge ⊆ k(ΛN )u. Let Ege be the genus field
of E := k(ΛN ) ∩ Ku and let Ege,u = EgeFqu . Let H be the decomposition group
of S∞(K), the set of primes in K over P∞, in EgeK/K . Let H ′ = H |Ege . Then
the genus field of K is Kge = (EgeK)
H = EH
′
ge
K [14, Theorem 4.2]. We have the
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following diagram
k(ΛN ) k(ΛN )u
Ege
H′=H|Ege
①①
①①
①①
①①
✶✶
✶✶
✶✶
✶✶
✶✶
✶✶
✶✶
✶
EgeK
✷✷
✷✷
✷✷
✷✷
✷✷
✷✷
✷✷
✷
H
✉✉
✉✉
✉✉
✉✉
✉
Kge,u = Ege,u
E
H′
ge
✹✹
✹✹
✹✹
✹✹
✹✹
✹✹
✹✹
✹
(EgeK)
H
✽✽
✽✽
✽✽
✽✽
✽✽
✽✽
✽✽
✽✽
❴❴❴ Kge
E
①①
①①
①①
①①
EK
✇✇
✇✇
✇✇
✇✇
✇
Eu = Ku
✐✐✐✐
✐✐✐✐
✐✐✐✐
✐✐✐✐
✐✐
E ∩ K K
k ku
(2)
3. CYCLOTOMIC ℓn CASE
We start with the following proposition that bounds the type of ramification in
Kummer ℓn-extensions.
Proposition 3.1. Let P,Q ∈ R+T and let J := k( ℓ
n
√
(Pα)∗) and F := k( ℓ
n
√
(Qβ)∗).
Suppose that eP (J/k) ≤ eQ(F/k) and e∞(F/k) ≤ e∞(J/k) with 1 < e∞(J/k). Then
νℓ( degP ) ≤ νℓ( degQ).
Proof. Since eP (J/k) ≤ eQ(F/k), we have 1 ≤ eQ(F/k)eP (J/k) . On the other hand, from
e∞(F/k) ≤ e∞(J/k) we obtain
eQ(F/k)
gcd( degQ, eQ(F/k))
= e∞(F/k) ≤ e∞(J/k) = eP (J/k)
gcd( degP, eP (J/k))
.
Since e∞(J/k) 6= 1, it follows that νℓ( degP ) < eP (J/k), and gcd( degP, eP (J/k)) =
ℓνℓ( degP ). Also, since gcd( degQ, eQ(F/k)) | degQ, we obtain
eQ(F/k)
ℓνℓ( degQ)
≤ eQ(F/k)
gcd( degQ, eQ(F/k))
≤ eP (J/k)
gcd( degP, eP (J/k))
=
eP (J/k)
ℓνℓ( degP )
.
Hence
1 ≤ eQ(F/k)
eP (J/k)
≤ ℓνℓ( degQ)−νℓ( degP ).
Therefore 0 ≤ νℓ( degQ)− νℓ( degP ), i.e, νℓ( degP ) ≤ νℓ( degQ). 
The main result for the Kummer cyclotomic ℓn-cyclic case is the next theorem.
Theorem 3.2. Let E = k( ℓ
n√
D∗), withD = Pα11 · · ·Pαrr , 1 ≤ αj ≤ ℓn− 1, αj = bjℓaj
with gcd(bj , ℓ) = 1, 1 ≤ j ≤ r, P1, . . . , Pr ∈ R+T different with degPj = cjℓdj ,
gcd(cj , ℓ) = 1, 1 ≤ j ≤ r. We order the polynomials P1, . . . , Pr such that 0 = a1 ≤
· · · ≤ ar ≤ n− 1.
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Let Egex := E1 · · ·Er with Ej = k( ℓn−aj
√
P ∗j ), 1 ≤ j ≤ r. Let
e∞(E/k) = ℓ
t with t = n−min{n, νℓ( degD)},
e∞(Egex/k) = ℓ
m with m = max
1≤j≤r
νℓ(e∞(Ej/k))
= max{n− aj −min{n− aj, dj} | 1 ≤ j ≤ r}.
Let i0, 1 ≤ i0 ≤ r, be such that n−ai0 −min{n−ai0, di0} = m and n−aj−dj < m
for j > i0. Form > 0 we have gcd( degPi0 , ℓ
n) = ℓdi0 , and therefore there exist a, b ∈ Z
such that a degPi0 + bℓ
n = ℓdi0 . For j < i0, we have di0 ≤ dj . Let zj := −acjℓdj−di0 .
For j > i0, let yj ≡ −cjc−1i0 mod ℓn ∈ Z.
Then
Ege = F1 · · ·Fr,
where Fj = Ej with 1 ≤ j ≤ r ifm = t, i.e, Ege = Egex, and ifm > t ≥ 0, then
Fj :=


k
(
ℓ
n−aj
√
PjP
zj
i0
)
if j < i0,
k
(
ℓ
di0
+t√
P ∗i0
)
if j = i0,
k
(
ℓ
n−aj
√
PjP
yjℓ
dj−di0
i0
)
if j > i0 and dj ≥ di0 ,
k
(
ℓ
n−aj+di0
−dj
√
P ℓ
di0
−dj
j P
yj
i0
)
if j > i0 and di0 > dj .
(3)
Proof. First suppose thatm = t. Then
[Egex : Ege] =
e∞(Egex/k)
e∞(E/k)
= ℓm−t = 1.
It follows that
Egex = Ege.
Now, suppose thatm > t. Let i0 be as before. From (1) we have
e∞
(
k
(
ℓ
n−ai0
√
P ∗i0
)
/k
)
= ℓn−ai0gcd( degPi0 , ℓ
n−ai0 ) = ℓm.
Therefore, gcd( degPi0 , ℓ
n−ai0 ) = ℓdi0 and m = n − ai0 − min{n − ai0 , di0} =
n− ai0 − di0 > t ≥ 0.
Because gcd( degPi0 , ℓ
n) = ℓdi0 , there exist a, b ∈ Z, such that
(4) a degPi0 + bℓ
n = ℓdi0 .
In particular aci0 + bℓ
n−di0 = 1 and therefore gcd(a, ℓ) = 1. From Proposition
3.1 we have ℓdi0 | degPj for 1 ≤ j ≤ i0 − 1, so that from (4) we obtain
degPj +
(
−a degPj
ℓdi0
)
degPi0 = (b degPj)ℓ
n−di0 .
We have−a degPj
ℓ
di0
∈ Zwith gcd(a, ℓ) = 1. Let zj := −a degPj
ℓ
di0
= −acjℓdj−di0 and
Qj := PjP
zj
i0
, 1 ≤ j ≤ i0 − 1. By construction we have that ℓn | degQj , since dj ≥
di0 . Therefore,P∞ is unramified at k
(
ℓ
n−aj
√
Qj
)
/k, i.e, eP∞
(
k
(
ℓ
n−aj
√
Qj
)
/k
)
=
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1, (Proposition 2.1). Also, for j < i0, we have
ePj
(
k
(
ℓ
n−aj
√
Qj
)
/k
)
= ℓn−aj ,(5)
ePi0
(
k
(
ℓ
n−aj
√
Qj
)
/k
)
=
ℓn−aj
gcd(zj , ℓn−aj)
= ℓn−aj−min{n−aj ,dj−di0}.
Now dj−di0 ≥ min{n−aj, dj −di0} so that n−aj −min{n−aj , dj−di0} ≤ n−
aj−dj+di0 ≤ n−ai0−di0+di0 = n−ai0 since e∞(Ej/k) = ℓn−aj−dj | e∞(Ei0/k) =
ℓn−ai0−di0 . Therefore
(6) ePi0
(
k
(
ℓ
n−aj
√
Qj
)
/k
)
≤ ℓn−ai0 .
Now consider j > i0. We have two possibilities: di0 ≤ dj or di0 > dj .
First suppose that di0 ≤ dj . Consider the polynomial Qj := PjP xji0 , with xj :=
yjℓ
dj−di0 . Hence
degQj = degPj + xj degPi0 = cjℓ
dj + yjci0ℓ
dj .
Then degQj = ℓ
dj(cj + yjci0) = Aℓ
B with gcd(A, ℓ) = 1. Note that we may
choose B ≥ n + dj , since this is equivalent to cj + yjci0 ≡ 0 mod ℓn, and this is
possible because gcd(ci0cj , ℓ) = 1.
Finally, since gcd(ci0cj , ℓ) = 1, we select yj ∈ Z such that yj ≡ −cjc−1i0 mod ℓn.
Note that in particular, gcd(yj , ℓ) = 1. Thus, define Fj := k
(
ℓ
n−aj
√
Qj
)
. We have
degQj = Aℓ
B with B ≥ n. Note that
ePj (Fj/k) = ePj (Ej/k) = ℓ
n−aj ,(7)
ePi0 (Fj/k) =
ℓn−aj
gcd(yjℓ
dj−di0 , ℓn−aj)
= ℓn−aj−min{n−aj ,dj−di0}
≤ ℓn−ai0 = ePi0 (Ei0/k)(8)
and e∞ (Fj/k) =
ℓn−aj
gcd( degQj , ℓn−aj )
= ℓn−aj−n+aj = 1.(9)
Now, suppose that di0 > dj . Let Q
′
j := P
ℓ
di0
−dj
j P
yj
i0
, with yj as before, that is,
yj ≡ −cjc−1i0 mod ℓn, Q′j ∈ RT . Define
Fj := k
(
ℓ
n−aj+di0
−dj
√
P ℓ
di0
−dj
j P
yj
i0
)
.
We have
ePj (Fj/k) =
ℓn−aj+di0−dj
gcd(ℓdi0−dj , ℓn−aj+di0−dj )
= ℓn−aj+di0−dj−di0+dj
= ℓn−aj = ePj (Ej/k),(10)
and
ePi0 (Fj/k) =
ℓn−aj+di0−dj
gcd(yj , ℓn−aj+di0−dj )
= ℓn−aj+di0−dj .
Since n− aj − dj < m = n− ai0 − di0 , then n− aj − dj + di0 < n− ai0 . It follows
that
(11) ePi0 (Fj/k) < ℓ
n−ai0 = ePi0 (Ei0/k).
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Finally
degQ′j = degP
ℓ
di0
−dj
j P
yj
i0
= ℓdi0−dj degPj + yj degPi0
= ℓdi0−djcjℓ
dj + yjci0ℓ
di0 = ℓdi0 (cj + yjci0) = ℓ
di0 (Aℓn−dj ) = Aℓn+di0−dj .
We have Aℓn+di0−dj = Aℓn−dj+di0 , with νℓ(A) = 0 and n − dj + di0 > n. It
follows that
(12)
e∞(Fj/k) =
ℓn−aj+di0−dj
gcd(Aℓn+di0−dj , ℓn−aj+di0−dj)
= ℓn−aj+di0−dj−n+aj−di0+dj = 1.
Let L := F1 · · ·Fi0−1Fi0+1 · · ·Fr. From (5) – (12) we have L ⊆ Ege. We will
prove that Ege = LFi0 , with Fi0 as in (3). Consider the sets
J = {j ∈ {1, 2, . . . , r} | j > i0, n− aj − dj > t and di0 > dj}
and I = {1, 2, . . . , r} \ (J ∪ {i0}). We order the elements of J = {j1, . . . , js}
so that di0 − dj1 ≤ di0 − dj2 ≤ · · · ≤ di0 − djs . For ju ∈ J we have Fju =
k( ℓ
n−aju
+di0
−dju
√
P ℓ
di0
−dju
ju
P
yju
i0
).
Let Ij be the inertia group of the prime Pj in Fj/k for 1 ≤ j ≤ r. We have |Ij | =
ePj (Fj/k) = ℓ
n−aj , j 6= i0. Let F ′j := F Ijj . If ju ∈ J we have F ′ju = k( ℓ
di0
−dju
√
P ∗i0),
1 ≤ u ≤ s, and F ′j1 ⊆ F ′j2 ⊆ · · · ⊆ F ′js . If j ∈ I we have F ′j = k.
For Fi and Fj given as in (3) with i 6= j, we obtain
Gal (FiFj/Fi ∩ Fj) ∼= Gal (Fi/Fi ∩ Fj)×Gal (Fj/Fi ∩ Fj).
In addition, we have
|Gal (Fi/F ′i )| = |Gal (Fi/F Iii )| = |Ii| = ePi(Fi/k) = ℓn−ai , and
|Gal (Fj/F ′j)| = |Gal (Fj/F Ijj )| = |Ij | = ePj (Fj/k) = ℓn−aj .
Hence Gal (FiFj/Fi ∩ Fj) ∼= Ii × Ij .
Now, from Abhyankar’s Lemma [19, Theorem 12.4.4], we have
ePi(FiFj/k) = lcm[ePi(Fi/k), ePi(Fj/k)] = lcm[ePi(Fi/k), 1] = ePi(Fi/k) = |Ii|.
Similarly we have ePj (FiFj/k) = ePi(Fj/k) = |Ij |. Let I ′i and I ′j be the inertia
groups of Pi and Pj in FiFj/k respectively. Then Ii×{e} < I ′i and {e}×Ij < I ′j are
such that |Ii×{e}| = |I ′i| and |{e}×Ij| = |I ′j |. Therefore, the maximum unramified
field subextension at Pi and Pj of FiFj/k is (FiFj)
IiIj = (FiFj)
Ii×Ij .
Also note that for i, j ∈ J , i 6= j, we have that Pi and Pj are unramified in
Fi∩Fj . Hence Fi∩Fj ⊆ F ′i . Similarly Fi∩Fj ⊆ F ′j . Thus Fi∩Fj ⊆ F ′i∩F ′j ⊆ Fi∩Fj .
Therefore Fi ∩ Fj = F ′i ∩ F ′j . If we assume that i < j, then Fi ∩ Fj = F ′i . Therefore
[FiFj : k] = [FiFj : Fi ∩ Fj ][Fi ∩ Fj : k] = [FiFj : F ′i ][F ′i : k]
= [FiFj : F
′
j ][F
′
j : F
′
i ][F
′
i : k] = [FiFj : Fj ][Fj : F
′
j ][F
′
j : k]
= [Fi : F
′
i ][Fj : F
′
j ][F
′
j : k].
Now, say that I = {i1, . . . , is′}. Using induction it follows that the fields Fiw ,
with iw ∈ I, for 1 ≤ w ≤ s′ satisfy
a.1.- Fi1 · · ·Fiw−1 ∩ Fiw = k,
b.1.- Ii1 · · · Iiw ∼= Ii1 × · · · × Iiw ,
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c.1.- [Fi1 · · ·Fiw : k] =
w∏
j=1
[Fij : k] =
w∏
j=1
ℓn−aij ,
d.1.- (Fi1 · · ·Fiw )Ii1 ···Iiw = k.
Similarly, the fields Fjw , 1 ≤ w ≤ s, with jw ∈ J , satisfy
a.2.- Fj1 · · ·Fjw−1 ∩ Fjw = F ′jw−1 ,
b.2.- Ij1 · · · Ijw ∼= Ij1 × · · · × Ijw ,
c.2.- [Fj1 · · ·Fjw : k] = (
w−1∏
n=1
[Fjn : F
′
jn
])[F ′w : k] = (
w−1∏
n=1
ℓn−ajn )ℓdi−dw ,
d.2.- (Fj1 · · ·Fjw )Ij1 ···Ijw = F ′jw .
Let L =
∏
i∈I
Fi
∏
j∈J
Fj . We will see that (
∏
i∈I
Fi) ∩ (
∏
j∈J
Fj) = k. Otherwise, let
A 6= k be a proper subfield of ∏
i∈I
Fi. Then at least one Pi with i ∈ I should ramify
in A, since otherwise we would have from (b.1) and (d.1) that A ⊆ (∏
i∈I
Fi)
∏
i∈I
Ii
=
k. Therefore, in every nontrivial proper subfield of
∏
i∈I
Fi at least one Pi with i ∈ I
is ramified. Now, in every subfield of
∏
j∈J
Fj some Pj , j ∈ J or Pi0 is ramified but
none of these is ramified in
∏
i∈I
Fi. It follows that (
∏
i∈I
Fi) ∩ (
∏
j∈J
Fj) does not have
proper subfields distinct of k. As consequence of (c.1) and (c.2) we obtain
[L : k] = [Fi1 · · ·Fis′ : k][Fj1 · · ·Fjs : k]
=
s′∏
j=1
ℓn−aij (
s−1∏
n=1
ℓn−ajn )ℓdi0−ds = (
r∏
j=1
j 6=i0
ℓn−aj)ℓdi0−ds .(13)
Next we will see that L ∩ Fi0 = F ′s. Let C := L ∩ Fi0 . We have F ′s ⊆ C. Since
C ⊆ Fi0 , every prime Pj with 1 ≤ j ≤ r, j 6= i0, is unramified in C. Let I =
r∏
j=1
j 6=i0
Ij .
From (b.1) and (b.2) we obtain C ⊆ LI . From (d.1) and (d.2) it follows
LI = (Fi1 · · ·Fis′ )Ii1 ···Iis′ (Fj1 · · ·Fjs)Ij1 ···Ijs = F ′s.
Therefore C = LI = F ′s.
Finally, note that [M : Ege] = [M : LFi0 ]. By the Galois correspondence we have
[LFi0 : L] = [Fi0 : L ∩ Fi0 ]. Thus
[Fi0 : L ∩ Fi0 ] = [k( ℓ
di0
+t√
Pi0) : k(
ℓ
di0
−ds
√
P ∗i0)]
=
[k( ℓ
di0
+t√
Pi0 ) : k]
[k( ℓ
di0
−ds√
P ∗i0 ) : k]
= ℓdi0+t−di0+ds .
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It follows that [LFi0 : L] = [Fi0 : L ∩ Fi0 ] = [Fi0 : F ′i0 ] = ℓdi0+t−di0+ds = ℓds+t.
From equation (13) we obtain
[M : LFi0 ] =
[M : k]
[LFi0 : k]
=
[M : k]
[LFi0 : L][L : k]
=
r∏
j=1
ℓn−aj
ℓds+t(
r∏
j=1
j 6=i0
ℓn−aj )ℓdi0−ds
=
ℓn−ai0
ℓdi0+t
= ℓn−ai0−di0−t.
On the other hand, we havem = n− ai0 − di0 . Therefore [M : LFi0 ] = ℓm−t =
[M : Ege] and by construction we have L( ℓ
di0
+t√
P ∗i0) ⊆ Ege. It follows that Ege =
L( ℓ
di0
+t√
P ∗i0). 
Remark 3.3. In the definition of Fj given in (3), for j < i0 if 1 ≤ n− aj −min{n−
aj, dj} ≤ t, it can be defined simply Fj = Ej .
4. GENERAL ℓn CASE
Recall that H is the decomposition group of P∞ in EgeK/K (see diagram (2)).
Theorem 4.1. Let K = k( ℓ
n√
γD) ⊆ k(ΛD)u, with γ ∈ F∗q , D = Pα11 · · ·Pαrr , 1 ≤
αj ≤ ℓn − 1, αj = bjℓaj with gcd(bj , ℓ) = 1, 1 ≤ j ≤ r, P1, . . . , Pr ∈ R+T different
polynomials. We order the polynomials P1, . . . , Pr so that 0 = a1 ≤ · · · ≤ ar ≤ n − 1.
Let E = Ku ∩ k(ΛD), t as in Theorem 3.2 and α = νℓ(|H |). Let H ′ := H |Ege . Then
EH
′
ge
= F1 · · ·Fi0−1Fi0+1 · · ·Fr( ℓ
di0
+(t−α)√
P ∗i0) where Fj are given in (3) for all j. Thus
Kge = E
H′
ge
K =
r∏
i=1
i6=i0
FiK( ℓ
di0
+(t−α)
√
P ∗i0).
Further, if d = min{n, νℓ( degD)}, we have
|H | = ℓα = [Fq( ℓn
√
(−1)degDγ) : Fq( ℓd
√
(−1)degDγ)].
Proof. From Theorem 3.2 we have e∞(Fj/k) = 1 for j 6= i0 (i.e, e∞(L/k) = 1).
Therefore e∞(Ege/k) = lcm[e∞(Fj/k) | 1 ≤ j ≤ r] = e∞(Fi0/k) = ℓt. That is,
the ramification of P∞ in Ege/k depends only on the ramification of P∞ in the
extension Fi0/k. Since Ege/E
+
ge
is a cyclic extension and [Ege : E
H′
ge
] = [Ege :
F1 · · ·Fi0−1Fi0+1 · · ·Fr( ℓ
di0
+(t−α)√
P ∗i0)] it follows that
EH
′
ge
= F1 · · ·Fi0−1Fi0+1 · · ·Fr( ℓ
di0
+(t−α)
√
P ∗i0).
We have EK = K( ℓ
n
√
(−1)degDγ) and EK/K is unramified, in fact, EK/K is
a constant extension [15, Subsection 5.3]. From [19, Theorem 6.2.1], we have
f∞(EK/k) = [Fq(
ℓn
√
(−1)degDγ) : Fq]
and from [3, Proposition 2.8] we have
f∞(K/k) = [Fq(
ℓd
√
(−1)degDγ) : Fq] with d = min{n, νℓ( degD)}.
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Then f∞(EK/k) = f∞(EK/K)f∞(K/k)where f∞(EK/K) = |H | = ℓα.
EK
|H|=ℓα
K
f∞(K/k)⑥⑥
⑥⑥
⑥⑥
⑥⑥
⑥
Kge
f∞=1
k
f∞(EK/k)
Hence
|H | = ℓα = f∞(EK/k)
f∞(K/k)
=
[Fq(
ℓn
√
(−1)degDγ) : Fq]
[Fq(
ℓd
√
(−1)degDγ) : Fq]
= [Fq(
ℓn
√
(−1)degDγ) : Fq( ℓd
√
(−1)degDγ)].

Corollary 4.2 (Case n = 1, G. Peng [13]). LetK := k( ℓ
√
γD) with γ ∈ F∗q , whereD =
Pα11 · · ·Pαrr ∈ RT is a monic ℓ–power free polynomial, Pi ∈ R+T and dj = νℓ( degPj),
1 ≤ αj ≤ ℓ − 1, 1 ≤ j ≤ r. Let m = max{1 − min{1, dj} | 1 ≤ j ≤ r} and
d = min{1, νℓ( degD)}. We assume thatm = 1−min{1, dr}. Then
Kge =
{
E1 · · ·ErK ifm = 1− d, E = K or E 6= K and d = 1
F1 · · ·Fr−1K ifm > 1− d, E = K or E 6= K and d = 0 or 1
,(14)
where Ej = k( ℓ
√
P ∗j ), 1 ≤ j ≤ r, Fj = k( ℓ
√
PjP
zj
r ) 1 ≤ j ≤ r − 1, zj = −a degPj ,
with a degPr + bℓ = 1, when dr = 0 for some b.
Proof. Writing αj = bjℓ
aj , 1 ≤ j ≤ r, we have 0 = a1 = · · · = ar. Let i0 be as in
Theorem 4.1, that is, i0, 1 ≤ i0 ≤ r, is such that n − ai0 − min{n − ai0 , di0} = m.
Then i0 = r.
On the other hand we have two cases. If we write ǫ := (−1)degDγ, then
a) ǫ ∈ (F∗q)ℓ,
b) ǫ /∈ (F∗q)ℓ.
a) If K = E (see [14, Theorem 4.2]). Therefore Kge = Ege. If m = t, then
Ege = E1 · · ·Er, with Ej = k( ℓ
√
P ∗j ), 1 ≤ j ≤ r, so that Kge = E1 · · ·Er. If m > t,
we havem = 1 and t = 0 and from Theorem 3.2we have Ege = F1 · · ·Fr, where if
zj := −acjℓdj−dr then
Fj :=


k
(
ℓ
√
PjP
zj
r
)
if j < r,
k
(
ℓdr+t
√
(−1)degPrPr
)
if j = r.
(15)
Note that dr = 0 and since t = 0, we obtain Fr = k. HenceKge = F1 · · ·Fr−1.
b) We have that K 6= E and that Kge = EH′ge K (where H is as in Theorem
4.1), with Ege as in case a). We also have |H ′| = ℓα = [Fq( ℓ
√
(−1)degDγ) :
Fq(
ℓd
√
(−1)degDγ)], where α = 0 or 1, that is |H ′| = 1 or ℓ.
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If d = 1, then |H ′| = 1, that is α = 0. Thus Kge = EgeK , with Ege as in a).
Therefore Kge = E1 · · ·ErK if m = t and Kge = F1 · · ·Fr−1K if m > t with Fj as
in (15).
If d = 0, we have |H ′| = ℓ, that is α = 1. Since d = 1− t, we have 1 = t ≤ m ≤ 1.
Therefore ℓ ∤ degPr, that is dr = 0. From Theorem 4.1 and from dr + t− α = 0, we
obtain
EH
′
ge
= F1 · · ·Fr−1( ℓ
di0
+(t−α)√
P ∗r ) = F1 · · ·Fr−1.
ThereforeKge = F1 · · ·Fr−1K . 
Example 4.3. Let K = Fq(
ℓn
√
γD) with γ = 5, ℓ = 3, n = 10, q = 472393 and
D = Pα11 P
α2
2 P
α3
3 P
α4
4 P
α5
5 P
α6
6 P
α7
7 P
α8
8 , where αj = bjℓ
aj , degPj = cjℓ
bj , 1 ≤ j ≤ 8.
Let a1 = 0, a2 = 1, a3 = 3, a4 = 3, a5 = 4, a6 = 7, a7 = 8 and a8 = 9. Let d1 = 5,
d2 = 7, d3 = 2, d4 = 3, d5 = 2, d6 = 0, d7 = 10 and d8 = 0. Since gcd(bjcj , ℓ) = 1,
1 ≤ j ≤ 8, we can select c1 = 2, b1 = b2 = b4 = b5 = b6 = b7 = b8 = c2 = c4 = c6 =
c7 = c8 = 1 and b3 = c3 = c5 = 5. We havem = max{n− aj −min{n− aj , dj} | 1 ≤
j ≤ r} = max{5, 2, 5, 4, 4, 3, 0, 1} = 5 and t = 10 − min{10, νℓ( degD)} where
degD = ℓ5(ℓ3(b2c2 + b7c7ℓ
10 + b8c8ℓ) + b1c1 + b3c3 + ℓ(b4c4 + b5c5 + b6c6ℓ)), and
νℓ(b1c1+b3c3+ℓ(b4c4+b5c5+b6c6ℓ)) = 3. Thus νℓ( degD) = 8, degD = 387459855
and t = 2. We have i0 = 3, F3 = k
(
ℓ4
√
P ∗3
)
and
F1 = k
(
ℓ10
√
P1P
z1
3
)
, F2 = k
(
ℓ9
√
P2P
z2
3
)
, F4 = k
(
ℓ7
√
P4P
y4ℓ
3
)
,
F5 = k
(
ℓ6
√
P5P
y5ℓ0
3
)
, F6 = k
(
ℓ5
√
P ℓ
2
6 P
y6
3
)
, F7 = k
(
ℓ2
√
P7P
y7ℓ8
3
)
,
F8 = k
(
ℓ3
√
P ℓ
2
8 P
y8
3
)
,
with z1 = −2aℓ3, z2 = −aℓ5 and yj ≡ −cj5−1 mod ℓ10 = −cj11810 mod 310,
4 ≤ j ≤ 8, where a5 + bℓ8 = 1. We may choose y4 = y6 = y7 = y8 = 47239,
y5 = 59048, a = −1312 and b = 1. Therefore
Kge = K(
310
√
P1P 708483 ,
39
√
P2P 3188163 ,
37
√
P4P 1417173 ,
36
√
P5P 590483 ,
35
√
P 96P
47239
3 ,
32
√
P7P 3099350793 ,
33
√
P 98 P
47239
3 ,
34−α
√
P ∗3 ).
with
|H ′| = 3α = [Fq( 310
√−γ) : Fq( 38
√−γ)].
From [1, Theorem 4 (1)], 5 /∈ (F∗q)ℓ and [Fq( 310
√−γ) : Fq( 38√−γ)] = 32. Therefore
α = 2 and 3
4−α
√
P ∗3 =
32
√
P ∗3 .
5. ON THE FIELD EXTENSION (K1K2)ge/(K1)ge(K2)ge
Let K1 and K2 be function fields over k = Fq(T ). Let K := K1K2 and suppose
thatK ⊆ nk(ΛN )m. Let E := E1E2, with Ei := n(Ki)m ∩ k(ΛN ), i = 1, 2. We have
E = nKm ∩ k(ΛN ).
Proposition 5.1. Let L1, L2 ⊆ k(ΛN ), L := L1L2, L+ := L ∩ k(ΛN )+ and L+i :=
Li ∩ k(ΛN )+, i = 1, 2. Then [L+ : (L1)+(L2)+] | q − 1.
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Proof. Let G := Gal(k(ΛN )/E), G1 := Gal(k(ΛN )/L1) and G2 := Gal(k(ΛN )/L2).
We haveG = G1∩G2. Let L+ = L∩k(ΛN)+ = k(ΛN )GF∗q , (L1)+ = L1∩k(ΛN )+ =
k(ΛN)
G1F
∗
q and (L2)
+ = L2 ∩k(ΛN)+ = k(ΛN )G2F∗q . SinceGF∗q < G1F∗q ∩G2F∗q , we
have
L+1 L
+
2 = k(ΛN )
G1F
∗
qk(ΛN )
G2F
∗
q = k(ΛN )
G1F
∗
q∩G2F
∗
q ⊆ k(ΛN )GF
∗
q = L+.
k(ΛN)
+
F
∗
q
k(ΛN)
G
G2
❉
❂
✻
✶
✱
✭
L = L1L2
qqq
qqq
qqq
qq
■■
■■
■■
■■
■■
L1
G1
✒
✍
✠
✄
⑤
✈
L2
Thus
[L+ : L+1 L
+
2 ] = |G1F∗q ∩G2F∗q : GF∗q | =
|G1F∗q ∩G2F∗q |
|GF∗q |
=
|G1F
∗
q ||G2F
∗
q |
|G1G2F∗q |
|G||F∗q|
|G∩F∗q |
=
|G1F∗q ||G2F∗q ||G ∩ F∗q |
(q − 1)|G||G1G2F∗q |
=
|G1||F∗q ||G2||F∗q ||G ∩ F∗q |
(q − 1)|G||G1 ∩ F∗q ||G2 ∩ F∗q ||G1G2F∗q |
= (q − 1) |G1||G2||G|
|G ∩ F∗q |
|G1 ∩ F∗q ||G2 ∩ F∗q |
1
|G1G2F∗q |
= (q − 1) |G1||G2||G1 ∩G2|
1
|G1G2F∗q |
|G ∩ F∗q|
|G1 ∩ F∗q ||G2 ∩ F∗q |
= (q − 1) |G1G2||G1G2F∗q |
|G ∩ F∗q |
|G1 ∩ F∗q ||G2 ∩ F∗q |
= (q − 1) 1|(G1 ∩ F∗q)(G2 ∩ F∗q)|
1
[L1 ∩ L2 : L+1 ∩ L+2 ]
.
Let α := |(G1 ∩ F∗q)(G2 ∩ F∗q)|[L1 ∩ L2 : L+1 ∩ L+2 ]. Since [L+ : L+1 L+2 ] ∈ Z, we
have α | q − 1, and [L+ : L+1 L+2 ] | q − 1. 
Proposition 5.2. Let L ⊆ k(ΛN ). If k(ΛN )+ ⊆ L ⊆ k(ΛN ), then Lge = L.
Proof. We have Lgex = k(ΛN ) and from [4, Theorem 2.1] it follows that Lge =
L+
gex
L = k(ΛN )
+L = L. 
Let E = E1E2 ⊆ k(ΛN). Let Y1 and Y2 be the groups of Dirichlet characters
associated with (E1)gex and (E2)gex respectively. Then, from Leopoldt’s Theorem
[18, Proposition 14.4.1], we have that Y = Y1Y2 is the group of characters asso-
ciated with Egex, where Y1Y2 is the group of Dirichlet characters associated with
the field (E1)gex(E2)gex [18, Proposition 9.4.33], i.e, Egex = (E1)gex(E2)gex. From
Proposition 5.1 we obtain that [E+
gex
: (E1)
+
gex
(E2)
+
gex
] | q − 1.
We have the following result.
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Proposition 5.3. Let K1,K2 ⊆ nk(ΛN)m, K = K1K2 and E1, E2 as before. If Kge =
(K1)ge(K2)ge, then Ege = (E1)ge(E2)ge.
Proof. Let K = K1K2 ⊆ nk(ΛN )m and E := E1E2 ⊆ k(ΛN ). Consider the fields
(Kge)m and (Ege)m. Now, from [4, Theorem 2.2] we have (Ege)m = (Kge)m and
((Ki)ge)m = ((Ei)ge)m, i = 1, 2. Therefore
(Ege)m = (Kge)m = ((K1)ge(K2)ge)m = ((K1)ge)m((K2)ge)m
= ((E1)ge)m((E2)ge)m = ((E1)ge(E2)ge)m.
Finally, by the Galois correspondence, it follows
Ege = (Ege)m ∩ k(ΛN ) = ((E1)ge(E2)ge)m ∩ k(ΛN ) = (E1)ge(E2)ge.

The converse of Proposition 5.2 does not hold in general, that is, if Ege =
(E1)ge(E2)ge, then the equalityKge = (K1)ge(K2)ge may fail.
Example 5.4. Let K1 = k(
ℓ
√
P1), K2 = k(
ℓ
√
γP2) and K = K1K2 be such that
P1, P2 ∈ R+T are different polynomials with degP1 = a, 1 ≤ a < ℓ, degP2 = ℓ − a
and γ /∈ (F∗q)ℓ. Then we have Ei = k( ℓ
√
(Pi)∗), i = 1, 2 and E = E1E2. If χPi is the
Dirichlet character associated with the field Ei, i = 1, 2, by Leopoldt’s Theorem
([18, Proposition 14.4.1]), we have Ei = (Ei)ge, i = 1, 2 and Ege = E1E2 = E.
ThereforeEge = E = E1E2 = (E1)ge(E2)ge.
Now, since P∞ is ramified inKi/k, i = 1, 2, we have thatP∞ is of degree 1 inKi
and (Ki)ge = Ki. On the other hand, from Abhyankar’s Lemma, the remification
of P∞ in K/k is equal to lcm[e∞(K1/k), e∞(K2/k)] = ℓ. Since k( ℓ
√
γP1P2) ⊆ K ,
with degP1P2 = degP1 + degP2 = ℓ, thus, ℓ | degP1P2 and γ /∈ (F∗q)ℓ, we obtain
f∞(K/k) = ℓ. Also we have [K : k] = ℓ
2 = f∞(K/k)e∞(K/k). It follows that
h∞(K/k) = 1 and deg (S∞(K)) = f∞(K/k) = ℓ. Thus [KFqℓ : K] = ℓ and
K ( KFqℓ ⊆ Kge, i.e,Kge 6= K = K1K2 = (K1)ge(K2)ge.
The main result of this section is the following theorem.
Theorem 5.5. Let K1,K2/k be abelian finite field extensions. Then
[(K1K2)ge : (K1)ge(K2)ge] | (q − 1)2.
Proof. We have K1,K2 ⊆ nk(ΛN )m for some m ∈ N, n ∈ N ∪ {0} and N ∈ RT . Let
K = K1K2 ⊆ nk(ΛN )m. Let Ei = n(Ki)m ∩ k(ΛN ), i = 1, 2 y E = nKm ∩ k(ΛN).
Then E = E1E2. Now, since E
+
gex
∩Ege = Egex∩k(ΛN )+∩Ege = Egex∩E+ge = E+ge,
we have the following Galois square.
E+
gex
E+
gex
Ege
E+
ge
Ege
From [4, Theorem 2.1] we have Ege = E
+
gex
E. Then from the Galois corre-
spondence we obtain E+
ge
= E+
gex
. Similarly (Ei)
+
ge
= (Ei)
+
gex
, i = 1, 2. We
have [E+
gex
: (E1)
+
gex
(E2)
+
gex
] | q − 1. In particular [E+
ge
: (E1)
+
ge
(E2)
+
ge
] = [E+
gex
:
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(E1)
+
gex
(E2)
+
gex
] | q − 1. Finally, we obtain the following diagram.
E+
ge
Ege EgeK
(E1)ge(E2)geK
(E1)ge(E2)ge
♠♠♠♠♠♠♠♠♠♠♠♠
(E1)
+
ge
(E2)
+
ge
♥♥♥♥♥♥♥♥♥♥♥♥
It follows that
[EgeK : (E1)ge(E1)geK] | [Ege : (E1)ge(E2)ge] | [E+gex : (E1)+ge(E2)+ge].
Therefore [EgeK : (E1)ge(E1)geK] | q − 1.
On the other hand, from [4, Theorem 2.2] we have that the following extensions
(Ei)geKi/(Ki)ge, i = 1, 2, are constant extension fields of order |Hi| | q− 1, i = 1, 2,
were Hi is the decomposition group of S∞(Ki) in (Ei)geKi, i = 1, 2. Also, if
ti := degS∞(Ki), then (Ei)geKi = (Ki)geFqti|Hi| , i = 1, 2. It follows that
(E1)geK1(E2)geK2 = (K1)geFqt1|H1|(K2)geFqt2|H2|
= (K1)ge(K2)geFqlcm[t1|H1|,t2|H2|]
⊆ (K1)ge(K2)geFqlcm[t1(q−1),t2(q−1)]
= (K1)ge(K2)geFqlcm[t1,t2](q−1) .
We have Fqlcm[t1,t2] ⊆ (K1)ge(K2)ge, i.e, the field (K1)ge(K2)geFqlcm[t1,t2](q−1) is
an extension of constants of (K1)ge(K2)ge of degree at most q − 1. We have
(K1)ge(K2)ge ⊆ (E1)ge(E2)geK ⊆ (K1)ge(K2)geFqlcm[t1,t2](q−1) .
Therefore, (E1)ge(E2)geK/(K1)ge(K2)ge is an extension of constants of degree at
most (q − 1). Finally, we have [EgeK : (E1)ge(E2)geK] | [Ege : (E1)ge(E2)ge] | q − 1.
Thus
[Kge : (K1)ge(K2)ge] | [EgeK : (E1)ge(E2)geK][(E1)ge(E2)geK : (K1)ge(K2)ge]
| (q − 1)2.

LetH ,H1 andH2 be the decomposition groups of P∞ inEgeK/K , (E1)geK1/K1
and (E2)geK2/K2 respectively and letH
′ := H |Ege , H ′i := Hi|(Ei)ge , i = 1, 2.
Proposition 5.6. With the previous notation, we have
(E1)
H′1
ge (E2)
H′2
ge ⊆ EH
′
ge
.
Proof. Since K = K1K2, then (Ki)ge ⊆ Kge, i = 1, 2. Because Kge = EH′ge K and
(Ki)ge = (Ei)
H′i
ge Ki, i = 1, 2, it follows that (Ei)
H′i
ge K ⊆ EH′ge K , i = 1, 2. Now, since
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Ei ⊆ (Ei)ge, from the Galois correspondence it follows that EH
′
i
i ⊆ (Ei)H
′
i
ge , i = 1, 2.
Hence E
H′i
i K ⊆ (Ei)H
′
i
ge K ⊆ EH′ge K . Thus, we have the following Galois square.
Ege
H′
EgeK
H
EH
′
ge
❴❴❴❴❴ EH
′
ge
K = Kge
Ege ∩ (Ei)H
′
i
ge K ❴❴❴❴ (Ei)
H′i
ge K
Ege ∩ (Ei)H′iKi ❴❴❴❴ (Ei)H′iK
Ege ∩K K
From the Galois correspondence, we have Ege ∩ (Ei)H′iK ⊆ Ege ∩ (Ei)H
′
i
ge K ⊆
Ege ∩ Kge = EH′ge , where (Ei)H
′
i ⊆ Ege ∩ (Ei)H′iK and (Ei)H
′
i
ge ⊆ Ege ∩ (Ei)H
′
i
ge K .
Therefore (Ei)
H′i
ge ⊆ EH′ge , i = 1, 2. 
Theorem 5.7. With the previous notation, we have |H | | lcm[|H ′1|, |H ′2|].
Proof. We have that P∞ is totally ramified in the extension Ege/EH′ge and that P∞
is totally decomposed in Ege/(E1)ge(E2)ge since
E = E1E2 ⊆ (E1)ge(E2)ge ⊆ Ege.
It follows that Ege = E
H′
ge
(E1)ge(E2)ge, since if L := E
H′
ge
(E1)ge(E2)ge, in the
extension Ege/L, P∞ is totally ramified and totally decomposed.
Now, (E1)ge/(E1)
H′1
ge is totally ramified in P∞ with ramification index |H ′1|, so
that
e∞((E1)ge(E2)ge/(E1)
H′1
ge (E2)ge) | |H ′1|
(E1)ge
|H′1|
(E1)ge(E2)
H′2
ge
e∞,1 | |H
′
1|
(E1)
H′1
ge (E1)
H′1
ge (E2)
H′2
ge
Similarly e∞((E1)ge(E2)ge/(E1)ge(E2)
H′2
ge ) | |H ′2| | e∞((E2)ge/(E2)H
′
2
ge ) = [(E2)ge :
(E2)
H′2
ge ]
(E2)ge
|H′2|
(E1)
H′1
ge (E2)ge
e∞,2 | |H
′
2|
(E2)
H′2
ge (E1)
H′1
ge (E2)
H′2
ge
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We have (E1)ge(E2)ge = ((E1)ge(E2)
H′2
ge )((E1)
H′1
ge (E2)ge) and the following dia-
gram
(E1)ge(E2)ge
PPP
PPP
PPP
PP
(E1)ge(E2)
H′2
ge
♥♥♥♥♥♥♥♥♥♥♥
(E1)
H′1
ge (E2)ge
e∞,2 | |H
′
2|♦♦♦
♦♦♦
♦♦♦
♦♦
(E1)
H′1
ge (E2)
H′2
ge
e∞,1 | |H
′
1|
❖❖❖❖❖❖❖❖❖❖❖
From Abhyankar’s Lemma
e∞((E1)ge(E2)ge/(E1)
H′1
ge (E2)
H′2
ge ) = e0 := lcm[e∞,1, e∞,2] | lcm[|H ′1|, |H ′2|].
Finally, we have P∞ is totally ramified in Ege/EH′ge and totally decomposed in
Ege/(E1)ge(E2)ge.
EH
′
ge
|H′|
Ege
P∞
totally decomposed
(E1)
H′1
ge (E2)
H′2
ge e0
(E1)ge(E2)ge
Thus |H ′| | [Ege : (E1)ge(E2)ge] e0. Thus |H ′| | e0 and e0 | lcm[|H ′1|, |H ′2|]. There-
fore
|H ′| | lcm[|H ′1|, |H ′2|].

Theorem 5.8. Let K1,K2 ⊆ nk(ΛN )m, K = K1K2, F := nK ∩ k(ΛN )m and Fi :=
nKi ∩ k(ΛN )m, i = 1, 2. Then
Kge = (K1)ge(K2)ge if and only if Fge = (F1)ge(F2)ge.
Proof. Since K = K1K2 we have nK = n(K1K2) = n(K1)n(K2). From the Galois
correspondence it follows that F = F1F2.
From [13, Theorem 4.4] we have thatKge = MFge whereM = Kk(ΛN)m ∩ Ln,
Fge is the genus field of F . We have M ∩ Fge ⊆ Ln ∩ k(ΛN )m = k. Then Kge =
MFge and (Ki)ge = Mi(Fi)ge, where Mi = Kik(ΛN)m ∩ Ln, i = 1, 2. If V is
the first ramification group of P∞ in Kge/k, then Fge = KVge, and we have that
[Kge : Fge] = [M : k] = |V |.
Fge
V
Kge = MFge
F
P∞ is tamely
ramified
FM
S∞(M) is tamely
ramified
K
rrrrrrrrrrr
④④
④④
④④
④④
k
V
M
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Then, by the Galois correspondence we have Fge = Kge ∩ k(ΛN )m and [Kge :
M ] = [Fge : k].
Now, first suppose thatKge = (K1)ge(K2)ge. Since
MFge = Kge = (K1)ge(K2)ge = M1(F1)geM2(F2)ge =M1M2((F1)ge(F2)ge).
Note thatMk(ΛN )m = M1k(ΛN )mM2k(ΛN )m = M1M2k(ΛN )m. Therefore, by
the Galois correspondence M = M1M2. Thus MFge = M1M2((F1)ge(F2)ge) =
M((F1)ge(F2)ge). It follows that Fge = (F1)ge(F2)ge.
Conversely, assume that Fge = (F1)ge(F2)ge. Then
Kge = MFge =M1(F1)geM2(F2)ge = (K1)ge(K2)ge.

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